Marginal conditions are determined for the onset of thermoacoustic oscillations of a gas in a looped tube with a socalled stack sandwiched by hot and cold heat exchangers on the basis of the boundary-layer theory so far developed. Given a couple of impulses applied initially to a quiescent gas, the evolution of an infinitesimally small disturbance is studied by solving an initial-value problem to the linearized equations. Marginal states correspond to those in which the initial disturbance neither decays nor grows with time. In the case studied by Ueda and Kato [J. Acoust. Soc. Am. 124, 851 (2008)], the marginal conditions are obtained in two cases of the temperature distribution in the thermal buffer tube and compared with their results. To identify the marginal curves, the porosity of the stack or one of the subsidiary parameters such as the wall thickness of the stack is required in addition to the squared ratio of the hydraulic radius to the typical thickness of the thermal diffusion layer in a flow passage of gas. It is found that the marginal conditions are in qualitative agreement with the experimental results and that the right branch of the marginal curve is obtainable down to such a considerably low temperature ratio that the theory may become invalid.
Introduction
A thermoacoustic prime mover exploiting an acoustic traveling wave in a gas-filled looped tube has attracted much attention since Yazaki et al. 1) first demonstrated it experimentally on the basis of Ceperley's idea. 2) As the velocity of a so-called gas particle by a traveling wave is in phase with the pressure, the particle undergoes a thermodynamic cycle similar to a reversible Stirling cycle. Backhaus and Swift 3, 4) succeeded in creating this traveling-wave phasing with a high acoustic impedance by connecting a looped tube with a quarter-wavelength tube and in reducing losses to enhance efficiency. Later, Yazaki et al. 5 ) demonstrated a heat pump driven by a thermoacoustic prime mover installed in the same looped tube. Such a thermoacoustic prime mover has a merit that it can operate with a smaller temperature difference between the hot and cold heat exchangers and at a higher efficiency than conventional ones exploiting standing waves in resonance tubes. 6) However, the conditions and mechanism of the emergence of traveling waves are not yet well understood.
Thermoacoustic heat engines employ a so-called stack consisting of a stack of thin plates or a wire mesh or a bundle of narrow tubes having thin walls to increase the surface area for the gas to come in contact with the solid wall.
6) The stack is sandwiched axially by a hot heat exchanger and a cold one at room temperature so that it is subjected to a temperature gradient. If the temperature gradient is steep enough, then the gas in the stack becomes unstable owing to the effects of thermoviscous diffusion, and gas oscillations take place spontaneously and resonantly in the tube.
Finding a marginal state of instability is vital in designing a prime mover but very difficult theoretically. Even for the simplest geometrical configuration of a looped tube of uniform cross section, as shown in Fig. 1 , the tube consists of several sections: a stack, two heat exchangers, a so-called buffer tube for the wall temperature to decrease from the temperature at the hot heat exchanger to room temperature, and a section at room temperature. As the stack and heat exchangers consist of narrow pores or slits, their insertion reduces the cross-sectional area of the total flow passage. Such a change in the cross-sectional area gives rise to the reflection and transmission of acoustic waves, as does the temperature gradient on top of it. Hence, in the looped tube, an acoustic field in each section is composed of two traveling waves in opposite directions, which makes the analysis complicated even in a lossless case.
Thermoviscous effects on the gas in each flow passage are measured by the ratio of the thickness of the diffusion layer to the hydraulic radius of the passage. The gross effects of reducing the cross-sectional area are measured by the porosity, defined to be the ratio of the total cross-sectional area of all pores in the stack or all slits in the heat exchangers to that of the uniform tube. In the buffer tube, no reduction in the cross-sectional area is assumed so that its porosity is unity. In reality, there is also a small gap between the stack and the heat exchanger. The effects of the gap have been examined by Berson and Blanc-Benon, 7) but they may be negligible in the search for marginal conditions for the instability of an infinitesimally small disturbance.
Marginal conditions for the gas in a looped tube have been examined theoretically by several authors. Given the temperature distributions in the stack and buffer tube, Penelet et al. 8) used the transmission matrix method by solving a pressure field in the stack on the basis of Rott's equation 9, 10) and derived the conditions for determining the temperature ratio versus the channel radius in the stack to the thickness of the thermal diffusion layer. Later Ueda and Kato 11) solved Rott's equation by the shooting method to obtain marginal conditions and compared the results with their experimental results. However, good agreement with the experimental results was not necessarily obtained. Recently, Guedra et al. 12) and Guedra and Penelet 13) have proposed an experimental approach by a four-microphone method and developed an analytical method using the transmission matrix measured to search for marginal conditions for various types of prime movers. However, the results obtained from these studies were not conclusive.
The above-mentioned methods assume a time-harmonic disturbance and search for a condition for an angular frequency to have a real value based on Rott's equation. 9, 10) While this eigenvalue problem is adequate to derive marginal conditions within a linear framework, no attempts have ever been made to solve an initial-value problem for an initially given disturbance and to pursue how it evolves. Although it is intriguing to find such an evolution leading to the marginal state of oscillations, this is a difficult task because a system of partial differential equations, even though linearized, must be solved in at least two space dimensions. While Rott's equation is given in the frequency domain, a single thermoacoustic-wave equation for the excess pressure in a time domain has recently been derived. 14) This wave equation corresponds to Rott's equation transformed into the time domain because it is derived at the same level of approximation as Rott's equation (i.e., narrow-tube approximation made for a full linearized system of equations). The wave equation illuminates features unseen in Rott's equation owing to thermoviscous diffusion under a temperature gradient and also motivates us to solve an initial-value problem.
It is revealed from the equation that the boundary-layer theory is applicable for an initial evolution in any situation as long as the Deborah number De (¼ =t), defined by the ratio of the time¸associated with thermoviscous diffusion to the elapsed time t from the initial state, is large. Because this justifies the use of the boundary-layer theory developed so far, [15] [16] [17] marginal conditions are expected to be found by checking the evolution of an initial disturbance.
In what follows, basic equations in the boundary-layer theory are summarized in Sect. 2, and the problem for the looped tube with the stack sandwiched by two heat exchangers is set in Sect. 3 with specific distributions of temperature and the porosities of the stack and heat exchangers. In Sect. 4, numerical simulations are performed to solve the initial-value problems. The insertion of the stack and heat exchangers gives rise to discontinuities in the temperature gradient, cross-sectional area, and wetted perimeter of flow passages at both ends. The numerical scheme takes account of these discontinuities by imposing matching conditions. For the geometrical configuration used by Ueda and Kato, 11) initial-value problems are solved numerically by applying a couple of impulses to the gas. The marginal conditions are determined from many evolutions solved by that which neither grows nor decays with time. The results are discussed in Sect. 5 and the conclusions are given in Sect. 6.
Boundary-Layer Theory
At the outset, we summarize basic equations in the boundary-layer theory developed for Taconis oscillations. [15] [16] [17] The thermoacoustic-wave equation 14) suggests that the boundary-layer theory is applicable to a short evolution in any situation, as long as the Deborah number is large. It also suggests that temporal variations in the temperatures of the stack and heat exchangers are negligible for a short evolution. 18) Supposing a thermoviscous layer is as thin as the boundary layer even on the walls of the stack and heat exchangers, the thermoacoustic field in a flow passage of gas is divided into a boundary layer and a main-flow region outside of it, as shown in Fig. 2 . Because this assumption is valid for Taconis oscillations in predicting marginal conditions over wide ranges of the right branch of the marginal curves even up to the minimum temperature ratios, there must be situations in which the theory is valid even for the stack and heat exchangers. Note that the so-called right branch of the marginal curve is the right half of a full curve, which is connected to the left half, called the left branch, at a point where the marginal temperature ratio is minimum.
The basic equations in the boundary-layer theory are derived for the gas in the main-flow region in each flow passage and given in an averaged form over the cross section of the region. By defining the averaged values of the physical quantities over the whole cross section of the tube and over the main-flow region, the relations between these values and the defects from the averaged values over the main-flow region in the boundary layer are derived. Here, the pressure is assumed to be uniform over the whole cross section. The basic equations are derived by substituting these relations into the equations averaged over the whole cross section of the tube. By solving linear equations for the boundary layer, its thermoviscous effects are taken into account as a source term in the equation of continuity in the main-flow region as follows: Illustration of a gas-filled, looped tube of unwrapped length L with a stack inserted and sandwiched by cold and hot heat exchangers, and a buffer tube for the wall temperature to decrease to room temperature. The x-axis is taken along the loop anticlockwise with the midpoint of the stack taken at x ¼ L=2, and the intervals x 1 < x < x 2 , x 2 < x < x 3 , x 3 < x < x 4 , and x 4 < x < x 5 respectively correspond to the cold heat exchanger, stack, hot heat exchanger, and buffer tube.
where x and t denote the axial coordinate and time, and p 0 and u 0 denote the excess pressure from a uniform value p 0 in quiescent, mechanical equilibrium, in which no gravity is assumed, and the axial velocity, respectively; A, s, and v b respectively denote the local cross-sectional area of a passage, its local wetted perimeter, and the velocity at the edge of the boundary layer directed normal to the wall and into the main-flow region, with £ (¼ c p =c v ) being the ratio of the specific heat of gas at a constant pressure, c p , to that at a constant volume, c v . Although 4A=s is the so-called hydraulic diameter, its half value 2A=s, which corresponds exactly to the tube radius if a flow passage has a circular cross section, is defined here to be the hydraulic radius for the comparison with the marginal conditions obtained by Ueda and Kato.
11)
The velocity v b is given by the hereditary integrals of p 0 and u 0 as follows:
with the plus and minus half-order derivatives of the function ðx; tÞ, which vanishes for t < 0, being defined as
Here, the signs AE are vertically ordered,
PrÞ, where e ðxÞ, a e ðxÞ, and e ðxÞ respectively denote the local values of the density, the adiabatic sound speed ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi p 0 = e p , and the kinematic viscosity e = e ; e denotes the shear viscosity, and Pr denotes the Prandtl number. The shear viscosity (as well as the thermal conductivity) is assumed to depend on the temperature in the form of e = 0 ¼ ðT e =T 0 Þ , with ¢ being a constant. The subscripts 0 and e respectively imply the value in the reference state at room temperature T 0 and the local value in the quiescent state. The other equilibrium values except for p 0 are determined in terms of the temperature T e ðxÞ of the wall of the tube, stack, or heat exchangers. For an ideal gas, they must satisfy
where S e ðxÞ denotes the entropy in the quiescent state. The temperature of the gas is regarded as being equal to that of the wall locally. Neglecting dissipative effects in the main-flow region, the equations of motion, energy, and state for the gas are given as follows:
where 0 and S 0 denote the disturbances in the density and entropy from e and S e , respectively. The term Fðx; tÞ in Eq. (5) denotes the impulsive force per unit volume of gas required to cope with the initial condition, and it decreases rapidly with time. 15) 
Setting of the Problem
To apply the theory given above, the geometrical configuration of the present problem is specified. A looped tube of unwrapped length L with a stack inserted is shown in Fig. 1 . Here, a circular cross section of inner radius R is assumed. The axial coordinate x is taken along the tube anticlockwise, and the midpoint of the stack is chosen to be at x ¼ L=2. The stack is sandwiched between a cold heat exchanger in the interval x 1 < x < x 2 and a hot heat exchanger in the interval x 3 < x < x 4 , both of which are kept at constant temperatures. The interval x 4 < x < x 5 is a buffer tube of inner radius R, over which the temperature decreases from the right end of the hot heat exchanger to room temperature T 0 . The wall outside the interval x 1 < x < x 5 is assumed to be at T 0 .
The stack is assumed to be composed of many identical narrow pores, the cross section of each being a square of side 2H separated by a wall of thickness 2d, as shown in Fig. 3 . Thus, the cross section of the stack is divided into many identical square cells of side 2H þ 2d. Each pore has a crosssectional area A (¼ 4H
2 ) and a wetted perimeter s (¼ 8H). Both heat exchangers are assumed to consist of a pile of thin plates of thickness 2d hx with spacing 2H hx .
Here, the porosities of the stack and the heat exchangers are defined. Assuming that the number of cells in the stack is large, the porosity of the stack " st is represented by that of each cell. For the heat exchangers, similarly, the number of plates is assumed to be so large that their porosity " hx is also represented by the local value. Thus, the porosities are defined as follows:
If d ( H, then " st is nearly equal to 1 À 2d=H, while if d ) H, then " st is proportional to ðH=dÞ 2 . Similar approximations may be made for " hx .
When the porosity " st is used, no account of the number of square pores in the stack is taken explicitly, although the number N may be estimated to be combination of m horizontal plates of thickness 2d with spacing 2H, as in the case of the heat exchanger, and m vertical plates of thickness 2d with spacing 2H, m may be estimated to be R=ðH þ dÞ if H ( R. The inverse of m gives a measure of the cell size 2ðH þ dÞ relative to the tube diameter 2R. Thus, N is related to m through m 2 =4. In the following, the half thickness d and the number m are used as subsidiary parameters in addition to " st . Thus, the following relations hold:
Hence, the geometry of the entire stack is determined by H and " st , with the tube radius R given. The effects of the porosity of the heat exchanger on the marginal conditions are not considered in this study because the heat exchangers are very short axially and no temperature gradient is present there. Thus, " hx will be fixed at a plausible value. Next, we specify the temperature distributions imposed on the walls of the stack, heat exchangers, and buffer tube. Otherwise the temperature is assumed to be T 0 . Figure 4(a) shows the temperature distribution T e ðxÞ=T 0 in the interval 0:45 < x=L < 0:75, where l is the typical axial length of the buffer tube to be specified later, while Fig. 4(b) shows a magnification of the distribution of T e ðxÞ=T 0 in the stack, heat exchangers, and buffer tube together with that of the porosity "ðxÞ. The porosity is unity outside of this interval.
The specific temperature distributions are taken to be those considered by Ueda and Kato. 11) They assumed that the temperatures of the cold and hot heat exchangers are kept constant at room temperature T 0 and nT 0 (n > 1), respectively, and that the temperature is uniform over the heat exchangers. In the stack, the temperature of the wall increases linearly from T 0 at x 2 to nT 0 at x 3 , while in the buffer tube, it decreases monotonically from nT 0 at x 4 to T 0 at x 5 in the form of exp½Àðx À x 4 Þ=l. Because a small discontinuity in temperature occurs at x ¼ x 5 , the distribution is modified slightly so as to remove the jump, although the temperature gradient is allowed to be discontinuous there.
Numerical Simulations
The marginal condition of instability theoretically means that for infinitesimally small disturbances. To this end, the linearized versions of Eqs. (1), (5), and (6) in Sect. 2 are employed as follows:
For a quiescent gas under uniform pressure, a couple of impulses (momenta) are applied at two positions, x c and x d , in the section at room temperature (x < x 1 and x 5 < x), away from the stack, two heat exchangers, and buffer tube. While the excess pressure and excess entropy are chosen to be zero initially, the axial velocity is chosen in light of the periodicity in x to be the infinite sum of the couple of impulses to avoid discontinuities at x ¼ 0 and x ¼ L as
at t ¼ 0 and in the range 0 x L, where x c and x d are chosen to be 0:15L and 0:05L, respectively; u 0 (> 0) and b (> 0) are respectively associated with the magnitude of the impulses, whose widths are chosen to be 10 À3 a 0 = and 300=L 2 , respectively. Here, note that although u 0 =a 0 is chosen to be small, this value is immaterial and may be taken to be unity because the linearized equations are solved. When the initial value given by Eq. (13) is implemented in numerical computations, only the components with j ¼ 0 and j ¼ AE1 are taken into account.
The insertion of the stack and heat exchangers gives rise to a discontinuity in the cross-sectional area and wetted perimeter of the flow passages. The tube is thus divided axially into five sections, as described in Sect. 1. In each section, the basic equations given by the boundary-layer theory are employed separately. In the stack and heat exchangers, they are applied to the gas in a single pore or slit. The gas in the other pores or slits is assumed to behave in the same manner.
Physical variables in adjacent sections are matched by requiring the continuity of appropriate fluxes across the junction of the sections. Within the linear theory, continuity is required for the mass flux and energy flux expressed as
where ½Á Á Á denotes the difference in the physical quantity enclosed by the brackets across the junction, and u 0 is the 0.5 0.6 0.7 mean axial velocity over the whole cross section of each passage including the contribution of the boundary layer given by 17) 
Note that since the lossless approximation is used in the main-flow region, the effects of the viscosity and heat conduction on the energy flux are neglected. By using the former condition in Eq. (14), the latter condition is substantially equivalent to the continuity of excess pressure. Note also that, since Eq. (15) is derived without taking account of the junction, its validity near the junction is an open question. Numerical simulations are performed for the air-filled tube of length L ¼ 2:8 m and radius R ¼ 0:02 m considered by Ueda and Kato. 11) According to them, the discontinuity in the temperature gradient and porosity is located at x ¼ x 1 , x 2 , x 3 , x 4 , and x 5 , respectively given by 0.4875, 0.4925, 0.5075, 0.5125, and 0.7275 relative to L in the direction of increasing x [see Fig. 4(b) ]. They considered the cases of the buffer tube having l between 0.07 and 0.15 m.
Because no details of the stack, heat exchangers and experimental conditions are given by Ueda and Kato, 11) plausible values are chosen in this study, except for the description that the porosity of the stack ranges from 0.69 to 0.87. The hydraulic radius of each pore in the stack is calculated by assuming the porosity of the stack " st and the wall thickness 2d or by assuming the porosity of the stack " st and the number of plates m over the cross section. Supposing three wall thicknesses, i.e., 2d The porosity of both heat exchangers " hx is fixed at 0.7. For atmospheric air at p 0 ¼ 0:1013 MPa and T 0 ¼ 288 K, a 0 is 340 m/s and e at T 0 is taken to be 1:45 Â 10 À5 m 2 /s. The value of ¢ is determined to be 0.70 by fitting the data for air at a temperature from 300 to 900 K under 0.1013 MPa 20) by the least-squares method, while £ and Pr are respectively taken to be 1.4 and 0.72 irrespective of the temperature.
The marginal state of oscillations and therefore the marginal temperature ratio n are determined by monitoring the temporal evolutions of the excess pressure at x=L ¼ 0:625, near where the excess pressure attains spatial maximum. In general cases of evolution, the pressure fluctuates violently around zero in the transient state. However, it will grow indefinitely or decay with time, depending on the temperature ratio and the geometry of the stack. Between these unstable and stable cases, there is a marginal case. As this state is established, a specific mode of oscillations will survive. From such pressure variations, it is very difficult and subtle to identify the marginal state. A criterion used to identify n is that, by discarding initial transients up at least 100 periods of oscillations, the difference between the maximum and minimum pressures in each period is averaged over 10 consecutive periods, and the mean is kept constant within three significant digits. Note that the use of Eq. (15) sometimes makes the computation numerically divergent over time. In this case, the second term is neglected. The divergence probably occurs because terms with a higher order than those in Eq. (15) must be included as the Deborah number becomes smaller.
Results and Discussion
Among the many evolutions solved, the marginal conditions for the temperature ratio n are determined and given in terms of the ratio of the hydraulic radius of each pore in the stack, denoted by R st (¼ 2A=s) that is equivalent to H, to the typical thickness of the thermal diffusion layer ffiffiffiffiffiffiffiffiffiffi ffi 2=! p at x=L ¼ 0:5, and the porosity of the stack " st . Here, ¬ and ½ respectively denote the thermal diffusivity at x=L ¼ 0:5 and the angular frequency of the oscillation. Note that ¬ depends on the temperature ratio through / T 1þ e because the thermal conductivity is assumed to vary with the temperature according to the same power law as the shear viscosity. The frequency !=2 is nearly equal to a 0 =L. Because the marginal conditions depend on the length of the buffer tube, two cases of l ¼ 0:07 m and l ¼ 0:15 m are shown in Figs. 6 and 7, respectively.
In the top figure, the marginal temperature ratio n is plotted three-dimensionally over the plane of !R and filled symbols, respectively. The crosses indicate the marginal conditions with " st fixed at 0.7. Each curve is drawn simply by connecting the neighboring points marked by the same symbol. If more data points were plotted, a marginal curve would emerge, which is expected to be similar to the curve drawn. By accumulating these curves, finally, a woven marginal surface will appear. Above the surface, the evolution is unstable, while below the surface, it is stable. Generally, the marginal temperature ratio appears to decrease as both !R 2 st =2 and " st decrease, but a small "valley" appears with respect to the porosity for the curves for m ¼ 12 and 8. When the wall thickness is fixed, it is seen that n decreases with decreasing !R 2 st =2 and also with decreasing " st , but there is a minimum called the valley. It is found from Eq. (9) that, for a fixed d, the decrease in " st implies an increase in m because
When the number of plates is fixed, alternatively, n decreases with decreasing " st but appears to have a minimum. The decrease in " st simply means a decrease in R st as " st / R 2 st . The three figures below the top figure show the projections of the plotted data shown in the top figure, namely, the plan view in the plane of !R 2 st =2 and " st , the elevation view in the plane of n and !R 2 st =2, and the side view in the plane of n and " st . The gray line is the curve calculated by Ueda and Kato, 11) and the squares are their experimental results. Although the numerical result for l ¼ 0:07 m with a fixed porosity " st ¼ 0:67, obtained by Ueda and Kato does not agree with any of their experimental results for 0:07 l 0:15 m with 0:69 " st 0:87, it is difficult to compare them with the curves in this figure alone. This is because the porosity, which is fixed in their calculations, turns out to be one of the key variables required to identify the marginal conditions. In fact, it is seen from the elevation view that the marginal curve derived numerically using our model for l ¼ 0:07 m with various porosities shows good quantitative agreement with the experimental results if the wall thickness 2d is taken to be 0.1 mm. Note that, when the thickness 2d is held constant, Eq. (9) suggests that ð1 À ffiffiffiffiffi
Marginal curves for a fixed thickness are therefore drawn along these curves for each thickness.
For !R 2 st =2 greater than about 10, it is seen that the temperature ratio becomes lower as the wall of the stack becomes thicker. For a value smaller than 10, however, this tendency is reversed: the thinner the wall of the stack, the lower the temperature ratio. However, if the marginal conditions are viewed against the porosity of the stack in the side view, n decreases with decreasing the thickness.
For l ¼ 0:15 m, the marginal conditions shown in Fig. 7 do not differ qualitatively from those in Fig. 6 . In the comparison of the curves obtained with the experimental results, however, good agreement is not seen. When the number of plates m is fixed, it is found from the plan and elevation views in Figs. 6 and 7 that, as n decreases in the cases of m ¼ 12 and 8 for l ¼ 0:07 m, and in the case of m ¼ 8 for l ¼ 0:15 m, there is a range in which !R 2 st =2 increases but " st decreases. Because " st / R 2 st in this case, the increase is considered to be due to that in 1=. Thus, the minimum marginal temperature ratio is found along the curve with a fixed m.
From the above results, it is surprising to find that the right branch of the marginal curve is obtainable almost down to the minimum temperature ratio where the theory may become invalid. Here, we discuss the validity of the results on the basis of the boundary-layer theory. The validity is measured by the Deborah number De defined by =t, with¸being given by R 2 st =. Taking a typical case with R st ¼ 1 mm,¸is evaluated to be 5 Â 10 À1 s, while ¦ is evaluated to be 8 Â 10 À3 s. Thus, it turns out that the time that De remains greater than unity is relatively short compared with the calculated time. This explains why the left branch of the marginal curve for a smaller R st is not obtainable using the present theory. Nevertheless, good results are obtained for the right branch of the marginal curve down to the minimum temperature ratio. Although the applicability of the boundary-layer theory has been discussed in previous papers, in general, it has been considered to be applicable to the right branch, far from the minimum temperature. Only in the cases of Taconis oscillations with larger hydraulic radii without the so-called stack is the right branch covered down to the minimum temperature ratio. The results shown in this paper therefore indicate a novel possibility of the theory. This is probably because the properties of the thermoacoustic-wave equation are close to those of the boundary-layer theory beyond its limitation (see Fig. 4 in Ref. 14).
Conclusions
The marginal conditions for thermoacoustic oscillations in an air-filled and looped tube with a stack sandwiched by hot and cold heat exchangers have been obtained by numerically solving the evolution of an initial disturbance on the basis of the boundary-layer theory. Although the initial condition has been fixed, the same marginal conditions are obtainable for other initial conditions. If the initial condition is expanded into a Fourier series spatially with period L, it necessarily includes the one-wave mode, in which one wavelength corresponds to the loop length. Because numerical calculations are substantially performed to pursue the evolution of this mode, the conditions obtained correspond to the linear stability limit to be determined by the eigenvalue problem.
When the stack is used, it has been shown that the porosity of the stack plays an important role as well as the length of the buffer tube. Nevertheless, the marginal curves obtained so far have been given against only the parameter !R 2 st =2 just after the case of the Taconis oscillations. 10) Without information on the porosity or one of the subsidiary parameters such as the wall thickness of the stack, it is insufficient to check the conditions against the experimental results. Among the many marginal curves obtained from the numerical simulations for various porosities of the stack, therefore, a curve that is in quantitative agreement with the experimental results by Ueda and Kato 11) is found; however, the agreement is not conclusive.
It is revealed that a longer buffer tube makes the marginal temperature ratio lower for any thickness and porosity of the stack. This is perhaps because the loss of the acoustic energy flux caused by the temperature gradient in the buffer tube is suppressed in a longer tube. When the marginal conditions for the temperature ratio are viewed against the porosity, the thinner the wall becomes, the lower the ratio becomes. However, when the number of plates is fixed, there appears to be a minimum for the ratio. Thus, the marginal surfaces have a small valley.
In this study, we have attempted to find a limit for the valid range of the boundary-layer theory. This has turned out to be applicable beyond expectation, even to the case with apparently narrow pores in the stack and down to a considerably low temperature ratio on the right branch of the marginal curves. It is also revealed that an optimum geometry of the stack for minimizing the marginal temperature ratio for a fixed number of plates is available using the boundary-layer theory. The results obtained provide the marginal conditions of instability in the form of a surface in the three-dimensional space of the parameters.
The present approach of examining the evolutions of an initial disturbance sheds light on not only marginal conditions but also unknown transient oscillations in contrast to the conventional method of solving the eigenvalue problem for the frequency. The detailed study on the transient oscillations will be reported in a subsequent paper.
